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Abstract

An alternative theory of gravity exhibiting a nonminimal coupling between curvature and matter

is discussed. It is shown that this extension of fpRq theories leads to some new and potentially

interesting features, most notably, a modification of the conservation law for the stress-energy tensor.

This alteration is explored in the context of perfect fluid matter, and it is argued that its consequences

may have relevance both at stellar and galactic level. Regarding the latter, a dark matter mimicking

mechanism is introduced.

Keywords: Modified theories of gravity, Perfect fluids, Dark matter, Modified Newtonian dynam-

ics.

1 Introduction

Einstein’s General Relativity (GR) has been

around for almost one hundred years now, and, to

this date, it is still regarded as the prime model

of gravitational interaction [1, 2]. Nevertheless, as

more astrophysical and cosmological data is gath-

ered everyday, it is starting to become apparent

that the theory has some shortcomings, with dark

matter [3, 4, 5, 6] and dark energy [7, 8, 9] as the

top challengers.

Facing these mounting puzzles, one has to ad-

mit that a description of the Universe relying solely

on GR seems somewhat limited. The simplest al-

ternative that adequately fits the experimental ob-

servations is the concordance model or Λ-CDM

(Λ-Cold Dark Matter), which is the combination

of GR with a cosmological constant Λ, dark mat-

ter and inflation, the latter usually based on some

scalar field called inflaton. Nevertheless, the the-

oretical motivation for this theory seems rather

poor: it does not explain the origin of inflation
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or the nature of dark matter, and the dark energy

sector (controlled by the cosmological constant) is

burdened with well-known problems [10]. Other

hypothesis have been put forward, such as TeVeS

or fpRq theories [11, 12].

More recently, a different model exhibiting a

nonminimal coupling (NMC) between the matter

Lagrangian density and the curvature has been

suggested [13, 14]. This proposal can be regarded

as an extension of the typical fpRq theories, and it

has already been shown that it introduces new and

potentially interesting phenomenology, such as an

extra acceleration in the equation of motion of per-

fect fluids [13], or the ability to mimic the effects

of dark matter [15, 16] and dark energy [17, 18].

This work deals with the dynamics of perfect

fluids in the context of the abovementioned theory,

and is organized as follows: section 2 presents the

general features of the model, with particular em-

phasizes on those that have direct relevance to the

rest of the work. Section 3 contains the main re-

sults of the thesis, and follows the ideas introduced

in [19]. The case of both static and nonstatic flu-

ids is considered, and some possible applications

are discussed. The work concludes in section 4.

2 Nonminimally coupled gravity:

general features

The proposal put forward in [13] generalizes “fpRq
theories” action by introducing a nonminimal cou-

pling between curvature and matter:

S �
» �

1

2
f1pRq � f2pRqLm

�?�gd4x, (1)

where fipRq are arbitrary functions of the scalar

curvature. Setting f2pRq � 1 one recovers the

usual fpRq theories, while this choice with f1pRq �
2κ pR� 2Λq, where κ � 1

16πG (c � 1), originates

the standard Einstein-Hilbert action (with cosmo-

logical constant Λ).

Varying action (1) with respect to the metric

coefficients yields the field equations

pF1 � 2F2LmqRµν � 1

2
f1gµν �

4µν pF1 � 2F2Lmq � f2Tµν , (2)

where one defines FipRq � f 1ipRq for convenience,

and the argument of the functions is omitted. The

stress-energy tensor is defined, as usual, by

Tµν � � 2?�g
δ p?�gLmq

δgµν
. (3)

Taking the trace of eq. (2), one obtains

pF1 � 2F2LmqR�2f1 � �3l pF1 � 2F2Lmq�f2T.
(4)

The covariant derivative of the field equations

(2) may be used to derive the conservation law for

Tµν , given by

∇µT
µν � F2

f2
rgµνLm � Tµνs∇µR. (5)

This equation, which contrasts starkly with the

usual ∇µT
µν � 0 of GR and fpRq theories, is cer-

tainly one of the most interesting features of the

model. Physically, it has been interpreted as an
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exchange of energy and momentum between cur-

vature and matter fields [13, 20].

The fact that eq. (5) depends only on the func-

tion f2pRq makes it a prime candidate to study

the effects of a NMC. Indeed, this feature enables

one to consider the general form of the action (1)

in most situations. However, when necessary, it

will be assumed that f1pRq � 2κR. This is be-

cause generally a joint study of both f1pRq and

f2pRq is unattainable, as the mathematical treat-

ment would be too involved. With this choice, the

field equations (2) reduce to

�
1� F2

κ
Lm



Rµν � 1

2
Rgµν �

1

κ
4µν pF2Lmq � 1

2κ
f2Tµν , (6)

and the trace reads

�
1� F2

κ
Lm



R � 3

κ
l pF2Lmq � 1

2κ
f2T. (7)

Finally, one important issue in this model, par-

ticularly when dealing with perfect fluids, is the

choice of Lm. Indeed, unlike GR or fpRq theo-

ries, in this case the Lagrangian density of matter

appears explicitly in the field eqs. (2), and, conse-

quently, in the conservation law for Tµν . Without

going into much detail (see Ref. [20] for a through

discussion), the NMC breaks the degeneracy that

exists in GR [21], and, in fact, different choices for

Lm yield distinct models. For the remaining of this

work, Lm � �ρ will be used.

3 Perfect fluids in nonminimally

coupled gravity

3.1 Static, spherically symmetric mat-

ter distributions

Hydrostatic equilibrium

To study this case, one starts with the “standard”

spherically symmetric metric

gtt � �Bprq, (8)

grr � Aprq, (9)

gθθ � r2, (10)

gφφ � r2 sin2 θ, (11)

gµν � 0 for µ � ν, (12)

and the perfect fluid stress-energy tensor

Tµν � pρ� pquµuν � pgµν . (13)

Since the fluid is at rest, the velocity four-vector

has components

ur � uθ � uφ � 0, (14)

putq2 � 1

�gtt � Bprq. (15)

The last equality follows from gµνuµuν � �1.

With these assumptions, taking ν � r (the re-

maining choices yield trivial 0 � 0 relations) in eq.

(5) yields

B1prq
Bprq � � 2

ρ� p
p1prq � 2

f2prqf
1
2prq, (16)

where the prime represents differentiation with re-

spect to the radial coordinate r. This generalizes

the usual hydrostatic equilibrium equation of GR
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by adding � 2
f2prq

f 12prq to the RHS. The extra term

bears a strong resemblance to the commom pres-

sure gradient acceleration, and can be regarded as a

sort of “geometric pressure” arising from the NMC.

This may bring interesting consequences to stellar

dynamics, including, for example, the possibility of

having stars supported by this “geometric pressure

gradient”, or a mechanism to prevent the formation

of singularities.

Eq. (16) may be integrated from r   Rs to Rs,

where Rs is the radius of the star, to yield

Bprq � BpRsq rf2pRsqs2
rf2prqs2

exp

�
2

» Rs
r

p1psq
ρpsq � ppsqds

�
.

(17)

and, using the boundary conditions BpRsq � 1 �
2GM
Rs

and fpRsq � 1, where M is the mass of the

star, the gravitational redshift of radiation emitted

at r ¤ Rs and observed by someone at Re ¡ Rs is

1� zNMC prq �

f2prq
�
1� 2GM

Re

1� 2GM
Rs

� 1
2

exp
�
� ³Rs

r
p1psq

ρpsq�ppsqds
�
. (18)

This result may be compared to GR using the for-

mula
1� zNMC prq
1� zGR prq � f2 prq . (19)

Note that at the surface of the star there is no dif-

ference between NMC gravity and GR. However, if

one can probe radiation from the interior of stellar

objects with sufficient precision, this formula may

be very useful in constraining the model.

The weak coupling limit

Having extended the equation of hydrostatic equi-

librium to include the effects of the NMC, one

now discusses the weak coupling limit of the the-

ory, that is, its applicability to situations where

rf 12prq ! f2prq.
Under the assumed simplification, the field

equations (6) read

Rµν � 1

2
Rgµν � 8πGf2Tµν , (20)

where the gravitational constant G was made ex-

plicit. Eq. (20) is identical to Einstein’s field equa-

tions with an effective gravitational constant given

by Geff � Gf2prq, which may be related to a vio-

lation of the Strong Equivalence Principle. Using

this result, one finds that

Aprq �
�
1� 2GeffM

�prq
r

��1

, (21)

where

M�prq �Mprq � 1
f2prq

³r
0 f

1
2psqMpsqds, (22)

Mprq � 4π
³r
0 ρpsqs2ds, (23)

and, more importantly,

p1prq � �Geff
r2

rρprq � pprqs��
4πr3pprq �M�prq

1� 2GeffM�prq
r

� G1
eff prq
Geff

�
. (24)

This is the central result of stellar dynamics in

the weak coupling regime. It states that under

the condition rf 12prq ! f2prq, the general relativis-

tic Tolman-Oppenheimer-Volkoff equation approx-

imately holds, but with an effective gravitational

constant, Geff , an effective mass within a sphere

of radius r, M�prq, and an added term related to

the spatial variation of Geff .
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Figure 1: (Lower panel) Comparison of θpξq near

ξ1pKq for γ � 4
3 and different values of K. |K| �

0.01 - Dashed line. |K| � 0.005 - Dotted line.

|K| � 0.001 - Dotdashed line. K � 0 - Full line.

Graphs above (below) the full line (K � 0) and in

black (gray) correspond to negative (positive) val-

ues of K. (Upper panel) Plot of δK for K in the

range -0.01 to 0.01 and γ � 4
3 .

The last term on the RHS of eq. (24) may play

a significant role in the weak coupling limit of the

model, because the remaining corrections should

average out. Considering, for example, the case

of a Newtonian star, p ! ρ, 4πr3p ! Mprq and

2GMprq
r ! 1, having a coupling function of the form

f2prq � ekr, with kr ! 1, eq. (24) reads approxi-

mately

d

dr

�
r2

�
p1prq
ρprq � k


�
� �4πGr2ρprq. (25)

Using the equation of state for polytropes, p � wργ ,

the initial conditions ρpr � 0q � ρp0q, ρ1p0q � 0,

and the substitutions

r �
�

wγ

4πG pγ � 1q

 1

2

ρp0qpγ�2q{2ξ, (26)

ρ � ρp0qθ1{pγ�1q, (27)

k � wγ

γ � 1
ρp0qγ�1K, (28)

eq. (25) takes the form

1

ξ2
d

dξ

�
ξ2

�
dθ

dξ
�K


�
� θ1{pγ�1q � 0, (29)

with initial conditions

θp0q � 1, (30)

θ1p0q � 0. (31)

This generalizes the usual Lane-Emden equation of

GR, recovered when K � 0. For γ ¡ 6
5 , the solu-

tion vanishes1 for some finite ξ1pKq, in which case

the radius of the star is given by

RspKq �
�

wγ

4πG pγ � 1q

 1

2

ρp0qpγ�2q{2ξ1pKq.
(32)

The lower panel of fig. (1) shows a graphic repre-

sentation of the solution θpξq near ξ1 for γ � 4
3 and

different values of K. Positive (negative) values of

K lead to smaller (larger) radii, as expected from

the physical interpretation of eq. (16).

The influence of the NMC may be measured

using the parameter

δR � RspKq
Rsp0q � 1 � ξ1pKq

ξ1p0q � 1. (33)

1Rigorously, that is true only if K � 0. However, for small values of K, the statement is approximately correct
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A plot of δR as a function of K for γ � 4
3 is shown

in the upper panel of fig. (1). Notice that even

small values of K may originate significant changes

in the radius. These results underscore the impor-

tance that a NMC may have on the dynamics of

stars, even when only a weak coupling is consid-

ered.

Arbitrary coupling

An analytic solution to the field equations of this

model seems completely out of reach for the gen-

eral case. Indeed, even a numerical treatment of

the equations is far from being a straightforward

matter. Nevertheless, it is important to establish

a more suitable mathematical framework to deal

with these situations, and that is the main objec-

tive of this section.

Defining the auxiliary fields

hprq � �F2ρprq
κ

, (34)

Jµν � p1� hqRµν � 1

2
Rgµν �4µνh, (35)

it is clear from the field equations (6) that

Jrr
A

� Jθθ
r2

� 0. (36)

This last equation may be used to show that

Aprq �
exp

�³Rs
r ψpsqds

�
�

1� 2GM
Rs

	
� ³Rs

r χpsq exp
�³Rs
s ψpqqdq

�
ds
,

(37)

where ψ � α2
α1

, χ � �α3
α1

and

α1 � B
�
2rBp1� hq � r2B1p1� hq � 2r2Bh1

�
,

α2 � 4B2p1� hq � 2rBB1p1� hq
�r2B12p1� hq � 4rB2h1

�2r2BB2p1� hq � 4r2B2h2,

α3 � �4B2p1� hq.

Note that (37) must be solved self-consistently. To

complete the calculation, one inserts (17) and (37)

into one of the field equations Jµν � 1
2κf2Tµν , and,

provided the coupling function f2, an equation of

state relating p and ρ, and a set of initial conditions

are known, it is possible, at least in principle, to

solve for ρ. Naturally, for practical purposes, this

may well turn out to be unattainable.

Finally, before proceeding to the nonstatic case,

a particular type of strong coupling will be quali-

tatively explored.

Suppose that at some point in spacetime f2 �
F2 � 0. This assumption enables one to write the

field equations (6) simply as

Rµν � 0. (38)

This is just the usual general relativistic vacuum

case. The coupling function suppresses the effects

of matter. However, as this happens, the curva-

ture scalar tends to 0, and since f2 � 1 in this

case, the coupling must bounce back to the weak

regime, and, therefore, gets suppressed itself. Nat-

urally, this is possible only if one allows the system

to vary in time. Now suppose that the configura-

tion driving R to a value where f2 � F2 � 0 is
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a weak coupling one. Provided the intermediate

stage (when f2 is crossing from 1 to 0 or the other

way around) does not influence the situation sig-

nificantly, an oscillatory motion of spacetime will

be established. If they exist, these oscillations in

the “fabric” of spacetime may be detectable. Nat-

urally, this detection depends heavily on the fre-

quency and amplitude of the waves. Note that this

oscillatory mechanism is different from the usual

gravitational waves. For example, there is no a

priori reason to think that it does not apply to

spherically symmetric situations, which, according

to GR, do not radiate gravitational waves.

3.2 Nonstatic matter distributions

Although the study of static matter distributions

is an important one, there are situations in which a

departure from this assumption is required. Galax-

ies and clusters of galaxies are good examples. In

what follows, the effects that a NMC may have on

these cases will be analyzed.

The equation of motion for a fluid element may

be derived from eq. (5):

uµ∇µu
ν � � 1

ρ� p
hµν∇µp� 1

f2
hµν∇µf2, (39)

where hµν � gµν � uµuν is the projection tensor,

and the chain rule was used. Once again, one notes

that this is just the usual equation of GR, but with

an added term, fνNMC � �hµν∇µf2
f2

, that resembles

a “geometric” pressure gradient.

To explore the Newtonian limit of this model,

one will assume that gµν � ηµν � εµν , where

ηµν � diagp�1, 1, 1, 1q and |εµν | ! 1, dt
dτ � 1 and

|dxidt | ! 1. Under these simplifications, the spatial

components of the LHS of eq. (39) read approxi-

mately

uµ∇µu
i � d2xi

dt2
� 1

2
∇iεtt, (40)

where the index i runs from 1 to 3. Addition-

ally, the projection tensor may be simplified to

hµi � ηµi � δµi. Combining these results, the

equation of motion for a fluid element in the New-

tonian limit is given by

d2xi

dt2
� ∇i

�
gtt � 1

2
� log p|f2|q

�
� ∇ip

ρ� p
, (41)

where the identity εtt � gtt � 1 was used. The

last term on the RHS of eq. (41) is just the usual

pressure gradient force per unit mass. Moreover,

the Newtonian gravitational potential is generally

defined in GR by

ΦN � �gtt � 1

2
. (42)

However, there is now an unaccounted term in the

equation of motion, related to the NMC. Since this

term is geometric in nature (it depends solely on

R), it seems quite natural to include it in a gener-

alized gravitational potential:

ΦNMC � ΦN � log p|f2|q . (43)

Comparing the effects of the usual Newtonian

gravitational pull for an object of mass M , gN �
�GM

r2
, with those of gNMC � �∇rf2

f2
, one has

δg �
����gNMC

gN

���� � c2r2

GM

����∇rf2
f2

���� , (44)

where the speed of light in vacuum c is now explic-

itly shown. The factor c2r2

GM takes on different values
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for distinct astrophysical situations: it is approxi-

mately 1016 m at the surface of Earth, 1014 m at

the surface of the Sun, and 1026 m for r � 1 kpc in

a typical galaxy with M � 1011M@ (not counting

dark matter), where M@ is the solar mass. If the

gradient term ∇rf2 is sufficiently small, its effects

should be noticeable only at very large scales, such

as galaxies or clusters of galaxies. Indeed, if one

takes ∇rf2 � 10�26 m-1, with f2 � 1, eq. (44)

takes the values

δg � 10�10 at the surface of Earth, (45)

δg � 10�12 at the surface of the Sun,(46)

δg � 1 at r=1 kpc in a galaxy. (47)

These results show that the NMC may have an im-

portant influence in the dynamics of galaxies and

other large-scale astrophysical objects, while, at

the same time, having negligible effects at stellar

systems level.

One may apply the results derived above to

simulate the gravitational effects of dark matter in

galaxies. The idea of mimicking dark matter using

NMC gravity has already been explored in [15, 16],

though using a different approach that focus on

power-law couplings of the form f2 � 1 �
�
R
R0

	n
.

The results presented in this work are, therefore,

complementary to those.

The starting point of this derivation is Poisson’s

equation for gravity:

∇2ΦN � 4πGρv, (48)

where ρv is the visible matter density (it is assumed

that no dark components exist). Suppose now one

desires to generalize eq. (48) to include the effects

a NMC present in the potential ΦNMC . If it is as-

sumed that the gravitational effects of dark matter

are contained in the NMC, a rather straightforward

way to do it is adding a mimicked dark matter den-

sity profile to the RHS of Poisson’s equation, and

connecting the additional term in (43) with it:

∇2ΦNMC � 4πG pρv � ρDM q , (49)

∇2 log|f2| � 4πGρDM , (50)

where ρDM is the replicated dark matter profile.

Considering a spherically symmetric scenario,

eq. (50) reads

∇r

�
r2

∇rf2
f2



� 4πGr2ρDM , (51)

or, provided limrÑ0 r
2∇rf2

f2
� 0,

r2
∇rf2
f2

� G

» r
0

4πs2ρDM psqds � GMDM prq,
(52)

where MDM prq is the total mass of simulated dark

matter inside a sphere of radius r. Eq. (52) is a dif-

ferential equation for f2 that can be solved rather

easily, yielding the solution

f2prq � f2pr0q exp

�» r
r0

GMDM psq
s2

ds

�
. (53)

The multiplicative constant f2pr0q is irrelevant in

most cases, since physically measurable quantities

generally depend on ∇rf2
f2

.

Given a dark matter profile, eq. (53) can be

used to calculate the explicit form of f2. It may

be shown that for typical choices of ρDM [22],

∇rf2 � 10�27 m-1, well within the expected limits.
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4 Conclusion

This work discussed the dynamics of perfect flu-

ids in an alternative theory of gravity exhibiting a

nonminimal coupling between curvature and mat-

ter. It was shown that this feature may introduce

new and interesting phenomenology both at stellar

and galactic level. Nevertheless, the model is still

largely unexplored, and work is under progress to

develop it further. Regarding fluid dynamics, there

are at least a couple of points that seem worth ex-

ploring: firstly, the effects that a strong coupling

regime may have on the dynamics of stars. Sec-

ondly, the applicability of the dark matter mim-

icking mechanism introduced, that is, whether or

not it can be a serious alternative to the particle

models of dark matter.
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